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the transition observed at ~88°K (Figure 4). It is
also interesting that the initial slope of «’ is steeper than
for the methacrylates, with the expansion coefficients
somewhat larger. We recall in this connection that
Crissman, Sauer, and Woodward?' observed a fairly
large mechanical relaxation at ~24°K (10 Hz) and
much more pronounced than for PIBMA with its similar
side group.

The results for the E-P copolymer (Figure 4) above
100°K are similar to those of Zakin, er «/.?! The de-
crease in « between 190 and 90°K could be indicative of

(20) J. M. Crissman, J. A, Sauer, and A. E. Woodward, J
Polym, Sci., Part A, 2, 5075 (1964).

(21) J. L. Zakin, R. Simha, and H. C. Hershey, J. Appl.
Polym. Sci., 10, 1455 (1966).
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an extremely broad relaxation region. It is also note-
worthy that a slight plateau region appears around
140°K, similar to that in Figure 9 of ref 21 at approxi-
mately 133°K. On reducing the temperature further,
the copolymer should exhibit an analogous relaxation,
if the mechanism is indeed similar to that postulated
for the polyethylene v-transition. The observed transi-
tion lies considerably lower, ~56°K, and this may
be related to the absence of crystallinity. Finally it
may be worthy of note that infrared measurements of
Shen and coworkers?? indicate freezing out of ~CH,-
vibrations in polyethylene below 100°K.

(22) M. C. Shen, J. A, Horton, and W. N, Hansen, J. Polini.
Sci., Part B, in press.
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ABSTRACT: A new method is presented for mathematically characterizing branching in random-flight chains.
The method is then used to calculate mean-square radii of gyration for a number of examples. For every mode of
branching there can be defined a matrix. [D], with eigenvalues that completely define the distribution of radii of
gyration. The parameter g, the ratio of the mean-square radius of gyration of the branched chain to that of a linear
chain with the same number of statistical segments ¢, is given by g = (6/7%) trace [D]. When applied to cruciform.
star, and uniformly branched molecules the method gives values for g in agreement with those obtained previously

by other investigators using entirely different mathematics.

Because of the effect of branching on many of the
physical properties of polymers, there has been a
continuing interest in the configurational statistics of
branched-chain molecules.?® We present here a new
method of mathematically characterizing chain branch-
ing that is completely general and requires only matrix
algebra.

It will be shown that a matrix, [D], is associated with
any random-flight chain, whether linear or with any
mode of branching, and that this matrix determines
many of the important statistical features of the chain.
In particular, we will show that the distribution of radii
of gyration is determined by its eigenvalues and that
the mean-square radius of gyration is simply related
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Regional Meeting of the American Chemical Society, Phila-
delphia, Pa., Feb 4, 1966.

(2) B. H. Zimm and W. H. Stockmayer, J. Chem. Phys., 17,
1301 (1949).

(3) T. A. Orofino, Polvmer, 2, 295 (1961).

(4) T. A. Orofino, ibid., 2, 305 (1961).

{5) G. C. Berry and T. A. Orofino, J. Chem. Phys., 40, 1614
(1964).

(6) G. R. Dobson and M. Gordon, ibid., 41, 2389 (1964).

(7) G. R. Dobson and M. Gordon, ibid., 43, 703 (1965).
(8) L. V. Gallacher and S. Windwer, ibid., 44, 1139 (1966).

to trace [D]. Mean-square radii for the examples
treated in this paper are in agreement with those of
previous investigators.

It is always possible that the matrix method may give
reasonable closed-form expressions for chain dimen-
sions for classes of branched chains other than those
reported here. Of more interest, however, is that this
new approach is especially suitable for digital computer
calculations and could be applied to branched chains
far more complex than those usually treated by ana-
lytical methods. Furthermore, since so much struc-
tural information is contained in (D], it is tempting to
imagine that this matrix might also be directly related
Lo various types of chain behavior. For example, we
have established 4 simple relationship between [D] and
chain dynamics that will be presented in a subsequent
publication,

Since the calculations presented in this paper are
based on random-flight statistics, the results are as-
sumed to apply to real polymer molecules at the Flory 6
temperature. We also assume, as has been done
previously, 4 that this work could be extended to include
polymer-solvent interactions.
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Formulation of the Problem

The model describing unperturbed linear flexible
polymer molecules as chains of ¢ statistical segments was
described previously.? In defining the relative positions
of the r + 1 beads in the chain we consider P;, the
vector from the center of mass of the chain to the ith
bead; P,, the vector from the center of mass to the
zeroth bead; L,, the vector from the zeroth bead to the
ith bead; L., the end-to-end distance vector; and the
t vectors T; connecting adjacent beads. These vectors
are related by the equations

P;=L;+ P, ¢y

where

The x component of this equation Is written

1
xi=xo+ > v; 03}
J=1
where x; is the x coordinate of the ith bead (relative to
the center of mass), and v, is the x component of the
vector T;.

Utilizing eq 1 and the relationship that Zx; from i
= 0toi = fequals 0, which defines the center of mass,
we showed? that the x component of the radius of gyra-
tion, S, can be written as

(#52)* = [(V]"allv] 3)

The matrix [v] is the column vector of the v, coordinates
and [a] is the 7 X r symmetric matrix with elements

ay =@+ 1—0,i>7 @)
=@+ I1-pij>i

Since [a] is symmetric it is possible to effect an ortho-
gonal transformation to a second set of coordinates
[7] = [bl[v] so that no cross terms appear in the quad-
ratic form giving (#S,)?; thatis

¢
(#S2)? = 27 Amni? )

i=1

The same distribution function characterizes all of
the n; and v,. It follows that (5,2 = (y,%, or, since all
the second moments are equal, we can write them with-
out subscripts, i.e., (1% = (v?. Because of the equiv-
alence of second moments we can write

S = (1) 20N = (v) 2\ (6)

But since the trace of a matrix is invariant to ortho-
gonal transformation, we showed that

1%S,?) = {(v? trace [d] ¢)

It is important to note that the development leading
from eq 2 to eq 7 is dependent only on the functional
form of eq 2 and on the fact the Zx,; fromi = 0 toi =
z equals 0, and not on any features of the model. We will
show in the following sections that it is possible to write
an expression

9) W, C. Forsman and R, E. Hughes, J. Chem. Phys., 38,
2118 (1963).

Muacromolecules

X; = Xo + Z F]‘ (8)

Jj=1

for branched polymer chains where the I'; are linear
combinations of the ;. It follows directly from eq 8
that

1S:» = [I17a](l] )

We can then express the relationship between the T';
and v; in the matrix form

(T = [Cllv] (10)
We thus find then that
(152)° = IYIMICTlClly] an
= [YI'[DIlv]
where
[D] = [CTd]IC] (12)

It was previously demonstrated® !° that the distribution
of S, for linear chains can be determined using eq 3 and
the eigenvalues of [¢]. By comparing eq 3 and 11, it is
clear that the distribution of S, for branched chains is,
in a like manner, completely determined by the eigen-
values of [ D].

Since it can also be shown that [D] is symmetric, the
same arguments as those leading from eq 3 to eq 7 can
be applied to lead from eq 11 to the expression

1%S,% = (v trace [D] (13)

' Following previous notation,? we define a parameter
g which is the ratio of (S,2 for a given branched chain
to (S;2 for the linear chain of the same number of
statistical segments. Considering that (S,% = (§%)/3,
the parameter g applies to the ratio of the mean-square
radius of gyration itself as well as to the x component.
The value of trace [a] is #3/6 if r 3> 1, the only case of
interest here. For any mode of branching defined by
[C], or equivalently [ D], we find
g = (6/1%) trace [D] (14)
In this work we find it convenient to write
[C] = 1] — LE) (1)

where [{] is the unit matrix and [E] is a ¢+ X ¢ matrix
which we will show to have all elements equal either to
zero or unity. We find

[D] =[] — (EI*}[ali 1] — (ET}
[a] — [E][a] — [a)E] + [ET'[a]lE]
g = 1 — (6/*) trace {[a)[E] + [E]t[a] —
(EF[alE]}  (17)

Equation 17 can be simplified by noting that trace
[E]"[a] = trace [¢][E]. By defining a matrix [f], where

[f] = 2[allE] — [E]"[«](E] (13)
we can finally write

= 1 — (6/1% trace [f] a9

I

16)

(10) R. F. Hoflman, Ph.D. Thesis, University of Pennsylvania
1967.
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Figure 1. The [I'] matrix for the cruciform molecule

Cruciform Molecules

As before, we assume a total of ¢ segments and ¢ + 1
beads. In this case, the four branches of the molecule
originate from a common point and are made up of m,
n, p, and ¢ segments where, of course

m+n+p+g=t

To find the matrix [I'] that satisfies eq 10, we consider
the relationship between the x; and various <,; this
relationship is shown in eq A-1 of the Appendix and
the appropriate matrix [T'] is shown in Figure 1. The
corresponding [£] matrix is shown in Figure 2.

In order to handle this problem more easily, we
introduce a new function, A; ;

Agye=1i1fi<j<k 20)
= 0 otherwise

Note that the A, ; , are defined only for & 2 i.
In the case of the cruciform molecule we can write

E; = 51"mon+lAm1—l,jmh-n +

57; ,wh-n:—p—lAan-v-\ JJomn+p (21)

Applying eq 18 to the cruciform molecule then yields

trace [/] given by eq A-2 in the Appendix. We can
+
g
g
e
51
-
00 -
00 -
rowm +n + 1 00. . -011-
rowm-l—n—{—p—{—l%‘
00 -
00 -
00 -
.

Figure 2. The [E] matrix tor the cruciform molecule.
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now write eq A-2 explicitly by using the matrix elements
defined in eq 4 with the result

m—+n
trace [f1= 2[(t —m —n) Y, i+
i=m+1
m+n+p
t+m—n—py Y, i1—Int—m—nm+n+
i=m+n-+1

plt —m—n—pYm—+n+pl=
[nmp 4+ nmg + pgm + pgn] (22)

If we define the fraction of segments in each branch of
the molecule as

a = (nft)
B = (mr)
v = (p/1)
6 = (g/1) (23)

the expression for g for the cruciform molecule becomes
g=1— 6(aBy + aBd + ady + By8) (24)

Although the above expression for g has been obtained
previously by entirely different techniques,? it was
apparently never recognized that it could be expressed
as simply and symmetrically.

If one of the branches has zero segments, say § = 0,
the equation for g becomes simply

g=1- 6aBy (25)

Uniformly Branched Molecules

We define the uniformly branched, or comb, mole-
cule as one having » branches of b segments on a linear
backbone, each branch being separated from its nearest
neighbors by m backbone segments. For this example
the total number of segments is given by

nb+ (n+ m =1t (26)

The relationships between the various x; and v, are

+ +
++ -
g s =
c =
£ E £
ERE E
c 0 <
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column m + 1
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Figure 3.

given in eq A-3 and the appropriate matrix [E] is shown
in Figure 3. The elements of [E] are given by

s

(27)

Eij = Z 51‘,k(m+b)+1Akmf(k~1)b+1,j,lc(m+b)
k=1
and the trace of [f] by eq A-4. We then write A for
the fraction of segments in the branches and r for the
ratio of the number of segments in each branch to the
number of backbone segments separating each branch,
ie.

A

nb/t = nrilnr + (n + 1)}

r o= bjim

(28)

The equation for g for the uniformly branched molecule
becomes

g=1=N[14+2r1+4r=2—p3 -~ 33+
nmH2 — 2kt 4 2r)] (29)

It can be shown that eq 29 is identical with an expres-
sion obtained for g for uniformly branched molecules
by different mathematical techniques.?

A limiting case of interest is the regular star molecule,
a chain with all its branches originating from a com-
mon point. For thiscaser = o and A = 1 or

g = (3/n) — (2/n*)

If n = 3, this model represents a cruciform molecule
with three equal branches and one “branch” of zero
segments. Both eq 25 and 30 predict g = 7/s. Ifn =4
in this case, the molecule corresponds to a cruciform
with four equal branches. Equations 24 and 30 are in
agreement, as they must be, both giving g = ¥/s.

By letting #n = 1, eq 29 yields

(30)

g=1— 9\ + 30— 307 3D

Macromolecules

column 2m 4+ b + 1
column pm + (n — Db + 1

column 2m + 26
column nm + nb

The [E] matrix for the uniformly branched, or comb, molecule,

which is again a special case of the cruciform molecule,
in this example where v from eq 24 is equivalent to A and
a=f.

The most intriguing feature of eq 29 becomes appar-
ent, however, when we consider chains with enough
branches to allow us to assume n = n + 1. If this be
true, then

g1 — (L4t —n )\ +

2Q2n7t — nTHNE — 0N (32)

Finally, if n is sufficiently large, we obtain the exceed-
ingly simple expression

g=1-—2x (33)

Remembering that X is the fraction of segments in the
branches, we can say that for this case g is simply equal
to the fraction of segments in the backbone.
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Appendix

Relationships between x, and v, and Expressions for

Trace [f]. For Cruciform Mclecules
X1 = x¢+ 71
X =xo+ v+ v
Xdn =xo+ v+ oot VY
Xm+n+1 =Xp+ 71+ ... + Ymn + ('Yn sl T

Ymr1 — - ‘men)
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=xoe+tvi+ -+ Vs F Vs —
Yol — . 7m+n) + Yomtn -2

Xongn 2

Xodndp = Xg +v+ ...+ Ymtn + ('Yn«m,-H e
Yol = oo = Ymin) T VYmgnsz +
e + 'Ym R

Xmintp=l = Xp + Y1 + ... + Y e dne + ('YiH-//H—l -
Y1 — . T 'Vrlz+n) + Y m4n~2 +
R Ym-ntp + (77n+n+p+l -

Yotnsl — .. 'Ym+n—+—z7)

Xpmsnepiz = Xo+ Y1+ ...+ Yugn + (Ynsmer —
Y+t — o0 T 7m+n) + Y mtn+z +
coo F Yorwsr T Ymgneprs —
Ymsne1 — o= Ymenip) T Ymsnipe

Il

Xo+vi+ oo F Vo T o —
Yt ™ .0 T A)’m—n) + Y rmAn 42 +
e + 'Ym-f—m-p + (’Y/rH—n—-p—H -
Ymsn+l — .. 'Ynz+7z+p) -+
Y +ntp-3 + e + Y (A'l)

trace [/] =2 ZZ aij[ai.m~n flAm—H.i,m+n +
T

Xy

t ¢ t
5‘/ ,m4—71+P‘IAm+n+I.i.ynf-n*p] - Z Z Z
1=1j=1k=1
\[67‘ ,m‘—n—HAm +1,7 . m+n +
81 mntp1donin 1 d mrnspl@ix X
[61\‘.m+rz‘«1Am ~1.j.m+n +
5}\- ontn H;—HAm n okl ./,m»ﬂH—p} =
m m+n+p
2 Z imints T 2 Z i mtntptl
i=m+1 {=m+n+1

Al op ottt = Pllmin tpit montpat (A=2)

For Uniformly Branched Molecules

X1 = x¢+ 71
Xy = Xo + v+ 7o
Xonpb = xo + Y1 + Y2 + ... + Ym + Yt -+

Y2 + L _\L Ym+p

BRANCHED RANDOM-FLIGHT CHAIN DIMENSIONS 347

Xonrpst = X + Y1 + s + Y b + ('Ym—HJ s
Ymir — ... 7//74—7))
Xm4h2 = Xy + Y1 + P + Y m+h + (‘YIIL+’) +1

Ymtr — .. — 'Ym+h) -+ Y omth i

X b =Xo+ v+ .. Yues F orn —
Ym+l ™ Ymrr — T Ym Lh) +
7/714—1)4—‘.’ + s + ‘Y'_’m b
X 4h) =xo+7vi+ ... F Yoo + (‘mehJ-l -

— Ymn) +
Yimprs o0 Yemen

Xagmepiel = Xo T Y1+ o0 A Ymes F (Ymossr —

= Ymn) +

Yiebsz T oo Voomon + (Voomemn —

Y+l =™ Ymi2 — ...

‘YnH—l - ')’m4.2 - ...

Yomgbl T Vipaprr T . T ’Y'_’rm-m)

Xtnibmenn = Xo + ¥i+ .0 4 Yoes + (Yigrsr —
Ymisr = Ymar — [ 'Ym‘h) +
Ymanez T oo F Vo +
(Yoimepicr — Yomtbel T YV imehiy
= Yomsn) F oo Vintymens
(A-3)

T

b
trace [f1 =22 > 3
i1/ 51i=

Lttt
Aii0; komtm+F 1Akt m—b 14 k) Z Z Z
j=1hk=1

1=

4 n
{( Z 85 p0mt by~ 1A pim=py—b+1 ,Lpfm“"b]:‘ajk X

p=1

T oon 1
{Z 5k,q(m+m+lAq(m“-h)—h'*-1.z',q(m+h>}( =

qg=1

i3

= > [t — k(m + B)lk(m + bYb — 2) — h(h — 2) =2]

=1
(A-4)



